Mathematical Challenges

aren't beautifu

Paul Erdos



Titles in this Series

/%5 Mathematics Enrichment Saries Ma i

MATHEMATICAL
Number . CHALLENGES
Patterns -

High sehool TR

and their %
Wonders
{

111111 + /999999 = 1111110
1111111 +, 9998999 = 11111110
'

 MATHEMATICAL -
CHALLENGES

for i
Middle S§chool .~
Students e

\

[ M Mathematics E:
The i
MATH TRAP'. Ge metry

0

SIGNIFICANT B
NUMBERS

Lz\"‘b) ¥x
~athb é@ -

EHYRMRLENDN ROY ERYRMRLENDL ROY S%gama/endu Roy



Mathematical Challenges

for

10, Madan Ghosh Lane Mathematics for All
Kolkata 700006 math1089.9801@gmail.com

Indira Prakasani /00(3 Math1089



Mathematics Enrichment Series

Vol.1.  Number Patterns and their Wonders

by Shyamalendu Roy
Vol. 2. Beyond the Obvious: Fascinating Math Facts
by Shyamalendu Roy
Vol. 3. The Secrets within Significant Numbers
by Shyamalendu Roy
Vol.4.  Mathematical Challenges for ool Students

by Shyamalendu Roy

150 (One hundred fif
$ 10 (Ten) only

Published by Shya ¢ Chandrani Roy
on behalf of Indir. i & Math1089.

mathl1089.9801@gmail.com

Printed and bound in India.
ISBN:978 - 81 —-981825-3 -1



Dedicated
0 my fathe



Math1089 is an engaging platform dedicated to exploring the
fascinating world of mathematics. It offers a creative blend of
mathematical concepts, patterns, puzzles, and problem-solving
strategies aimed at fostering curiosity and a love for numbers among its
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1 Problems

Find the value o

P2. Simplify the following expression
(10% + 324)(22* + 324)(34* + 324)(46* + 324)
(4% + 324)(16* + 324)(28* + 324)(40* + 324)

P3. Resolve 99899 into factors.
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Pé. Let
_ 4962 + 4362 + 1002 + 40% — 92 — 692 — 4052 — 4652
B 623 + 248(292 + 132 + 72) '
Find the value of 8P.

P16. The present ages in yearssof two brothers A, B and their
father C are three distinct pg ntegers a, b and c respectively.

and

/ 1
\/1_x1+\/1_x2+"'+ 1—x100—100 l_m,

Find the value of x; + -+ + x;¢o.



Mathematical Challenges for High School Students | 13

P76. If all possible values of

_ Ayl ly+zl | Jz+x

Clxl+ Iyl vl 1zl Lzl + x|
where x, y, z are non-zero real numbers, lies in the interval [a, b],
find the value of b — a.

P81.1f6 € (e ™2, m/2), pr s(log, 8) > log,(cos 6).

P90. Consider i

max{x’
—d).

on is defined fo

the follo tions:
(1) f(O,n) =
2
S L f(k
eof f
P or n€N, let I %
n’]n+1 C]n an n..

lengt

e in terms of_side o
square. Assu

the given figure
symmetrical. —




2 Solutions

12 2+1D2-1) , (2022 + 2021)(2022 - 2021)

STtz © 4043

=1+1+1+-+1
= 2022.
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$3. Let f(x) = 9x* + 9x3 + 8x2 + 9x + 9. Then we have
f(x) —x2(9x2+9x+8+2+i>
- x  x2
[ 1 1
= x2 9(x2+—2)+9(x+—)+8]
i x x

[ 1,2 1
9(x+—) — 18 +—)+8
| X b

From the first two
(D

Solving for a, we get a = 2L — 3 and hence b = 21% — 4L + 1.

Using the last two relations:
c—1=M®B-1),c+1=M-1)(b+1).

Solving for b, we get b = 2M — 3 and hence c = 2M? — 4M + 1.

Thus, we have
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2M —3=212—4L+1orM = (L—1)?+1.
Obviously, L > 1. If L = 2, we get a = 2L — 3 = 1. Then,
b=1+La-1)=1,M=(b+3)/2=2andc =1,
which is not possible.
Similarly, if L = 3, wegeta =3,b =7 and ¢ = 31.
If L >4,thenm > 10 and ¢ utthen,a+b+c>150.

= (X1 X2x3%4) -+ (X7

L5205 K

proving that n, mus
Letn, = 2p wherep € Z.
Then n = 2n, = 4p, proving that 4|n.

$48. To prove that S is not an integer, our task is to find an integer
A such that the product A - S is not an integer.
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Different numbers present in the denominators of S are 2, 3, ..., n.
There is only one number from among 2,3, ...,n that has the

highest power of 2.
Let this highest power of 2 be 2* and 2% < n.
Consider B = 3-5- 7 ---m, the product of all odd numbers, where

and
we find that
\/1+x1+"'+ 1+x100< (1+x1)++(1+x100)
100 - 100

1 (x1 + -+ x100)
= [1+—< |1
\/ + 100 — \/ + 100
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1 (1 + -+ x100)
— <
AT 100
and similarly,

1—x 4+ 1—35100< (1 —2x1) 4+ (1 = X100)

=f0+1,(m-1)+1)

£(0, .

Slmllarly, we have f(1,3) =5and f(1,4) = 6. Finally,
f@2)=f(1rQ1,3)=rQ15)
=f0+1,4+1)=f(0,f(1,4) =7(0,6)=7.



Further Reading

1. Challenge and thrill of pre-college mathematics — Krishnamurthy,
Pranseachar, Ranganathan, Venkatachala; New Age International Pvt. Ltd.

2. An excursion in mathematics —

dak, Katre, Acharya; Bhaskaracharya
Pratishthana. .

Functional Equations —

15. International Ma 1man; Anthem Press.



